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IDENTIFICATION OF THE POLYRELAXATIONAL
NONLINEAR DIFFERENTIAL MASS DIFFUSION OPERATOR
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Abstract -Diffusion ina non-homogeneous mixture is described by a polyrelaxational equation involving the
diffusion coefficient which depends on concentration and several physical parameters. A set of the relaxation
time spectra and diffusion coefficients (as functions of concentration) form a polyrelaxational nonlinear
differential operator of mass diffusion. The method presented for the identification of this operator consists of
the experimental determination of the relaxation time spectrum and of all the diffusion coefficient parameters.
As initial information, the time derivative of the mass moment of the diffusing substance, and a substantially
nonhomogeneous initial distribution of concentrations in an insulated rod of any shape but constant cross
section, are used.

NOMENCLATURE

u(x, t), mass concentration [kg m~3];

X, abscissa [m];

T, time ; actual physical time [s];

b, plate (rod) thickness; rod length (m];

M(7), diffusing substance mass moment
[kgm '];

U, total mass content [kg m~?];

D, diffusion coefficient [m?2s™'];

[M,, paramecter of diffusion coefficient
[(m®* kg "J;

K, diffusion analogue of the Kirchhoff-
Varshavsky function ; mass transfer
potential [kg m~ ! s~ !];

R, relaxation time [s].

Subscripts

z, number of the diffusion coefficient
paramecter;

P, number of parameters of the diffusion
coefficient;

o relaxation time order;

r, number of different times of relaxation;
order of polyrelaxation;

i, number of the experiment or of the
moment of measurements;

J, number of different experiments or
moments of measurements;

k, number of the moment of measurements in

the ith experiment, k = 1; x(i).

IT HAs been shown [ 1] that during the equalization of
an initially non-uniform distribution of concentrations

u(x,0) = u(t) = var # const., (83}
provided that constant concentrations
u(x,0) = ug, = const.,

)

u(h, ) = uy, = const.

are maintained at the insulated plate end faces 0 and b,
i.e. there is no mass flux g(x, ) through these surfaces

(0,7) = gq(h,7) = 0, A3)
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and that the moment of the diffusing substance mass
can be measured accurately in the course of the
experiment

b

M(r)=.[
0

the first relaxation time R, and the constant diffusion
coefficient D,,.

Clearly, equation (3) yields the constancy of the total
mass content

u(x, t)x dx,

4

b

U(r)=J
0

In the present paper, a technique is presented
for determining the relaxation time spectrum R,
(p=1,2,...,r) and the variable diffusion coefficient
D(u,I1,), which depends on the diffusing substance
concentration, u, and p physical parameters II,
(m = 1,2,..., p), when the initial distribution of concen-
trations is non-uniform (1), the plate end faces are
insulated (3), the mass moment of the diffusing
substance (4) is determined experimentally, and its
concentrations at the plate ends are known

u(0,7) = uo(7);  u(b,7) = wy(1). (6)

For polyrelaxational diffusion [2, 3], the diffusing
substance concentration gradient will be represented in
the form of a series expansion in terms of the flux
derivatives g(x, t)[kgm ~?s~']and Rfrelaxation times

ou
—D_—=q+R,
ox

(5)

u(x, 1) dx = const.

0
SR
ot

82
P, ..
ot

The condition (3) of plate protection from external
effects is sufficient for the concentration gradient to be
absent at the end faces

ou(0,7)/0x =0, dub,1)/éx =0 (8)

as follows from the definition of polyrelaxational
diffusion (7). However, for substance diffusion the
condition (3) is not needed. The fact that at a certain
plane, x = const., the concentration gradient is zero
does not call for the absence of mass flux in a
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polyrelaxational process. This flux can exist and
satisfies the following homogeneous equation :

r

24 _
!I'Z(l Rp e 0 ®

This distinguishes mass diffusion from the diffusion of
energy. In the latter case, the zero concentration or
temperature gradient is necessary and sufficient for the
heat flux and its time derivative (2) to be zero.

The mass conservation law for polyrelaxational and
non-linear diffusion

r o 1“ ("

. C ) cu
R o Dy
2 R cre ! 9x[ (u )c’x]

p-0
has a differential operator which depends on the
spectrum r of the relaxation times R, and p parameters,
I1,. of the diffusion coefficient D(u,I1,,11,,...,11,).
Multiplication of all the terms of equation (10) by x dx
and integration over the plate thickness transforms the
LHS of the diffusion cquation (10) into a linear
combination of time derivatives of the diffusing
substance’s mass moment

(10)

"p+1 r
R® i X dx = REM® ™). (11)
¥ p*l 14

0Op 0 p-0

As for the RHS of the diffusion equation,

~h u
J [D(u H) } X, (12)
o Cx

to calculate its integral, it is advisable to introduce the
diffusion analogue of the Kirchhoff function

K, 1,) = f D(u,T1,) du, (13)

0

the gradient of which is proportional to the concen-
tration gradient of the substance transferred

cK

cu
— = DIl . (14)
X x

FFor this reason, by virtue of equation (8), the gradient
of the diffusion analogue of Kirchhoff ’s function on the
surfaces of an insulated plate is also equal to zero.

b '«
j LD(H ”) = J dx
o €X

= K[u(0,7), 1] — K[u(b,7),[T1]. (15)

Consequently, the integration by parts of equation
{12) yields the difference

~yoo-

C
o
o OX

between the Kirchhoff function values on the plate
surfaces.
Thus. the usc of the diffusing substance mass moment

x dx

D, ﬂ) -

= K[u(0,1),T1]— K[u(b,7),I1] (16)
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(2) provides an equation

Z RZM(;; i 1)(.[) -

p O

K[u(0.1.11,] - K [uth.1). 11,
(n

which interrelates the r relaxation times R, and p
parameters [1, of the diffusion coefficient D(u, I1,) or of
the diffusion analogue of Kirchhoff’s function,
K(u,I1,). For all these (p+r) parameters of the
polyrelaxational non-linear differential operator of the
diffusion equation (10) to be determined, a minimum of

J=ZJ = pAr (1¥)

independent equations will be needed.

A sct of equations for the parameters R, and I, can
be obtained in a number of ways.

First, one can use different initial distributions of

concentrations u(x) (i = 1.2.....J} to which there
correspond different moments.
b
M) = ulx.o)x dy. (19)

Jo

since each initial distribution of u,(x) vnder the
conditions of insulation (4) generates its own field of
concentrations u;{x. 7).

If the number of initial distributions J is at a
minimum, ie. J =J_,, = r+p. then the system of
cquations (17) in this. first, case has the form
Sty = Y ReMY )

po0

+ K[ub, 1) 11, ] — K[u;(0,7).11,] = 0. (20

IfJ > J,., then the system (17} is redefined and can
be very conveniently solved by the least squares method
when the diffusion coefficient is approximated by the
McLauren polynomial

pol
D Tl) = Do+ Dyru+ - +DP Ve~ (2])
(p—1)!
and the Kirchhoff diffusion function is
u’ ouP
K{u,T1) = Dou+ Dj S Dy v (22)

It is understood here that the diffusion coefficient
parameters

f,=D¢ " n=12..p (23)

coincide with its derivatives with
concentration.
In order to dctermine the diffusion

parameters, the mean-squarc deviation

respect 1o

operator

Il

l v . ] J r )
- i p- 0
ui(0. 1)

n!

» r . 2
is minimized with respect to the spectrum of relaxation
times. R, and to the mass-content derivatives of the

»

LI
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diffusion coefficient D&~ ). Using the notation

J
Apj=Ap = Z ME‘N l)(ri)M?+ l)(ti)a

i=1

(25)

[uidb, Ty —uf (0, 1)IMY* Nz/nl, (26)

M

B, =

i

#

i
J

Fye =T = 3, [4f(b,7)— 430, 7)]
i=1

x [uf{b, 1) —uf(0, )}l uh)  (27)
the system of minimization equations
88%/0R, =0, 08%*/0T1, =0

is reduced to the form

28

r 14
RA,+ Y TLB,=0, j=12..r (29
0 n=1

o
r [

Y RiB,+ zl m,I, =0 u=12...,p (30)

p= x=

This system is not homogeneous since the zero
relaxation parameter R, = 1.

Second, one can use a rather prolonged process of
concentration equalization with thecommontime 7,,,,.
During this single experiment, at the time moments

&2y

the concentrations u(b, 7;) and u(0, t;) on the plate end
faces are measured and the diffusing substance’s mass
moment and its time derivatives are calculated. The
system (29) and (30} for the determination of all the
parameters of the polyrelaxational non-linear differen-
tial operator of mass diffusion remains unchanged, but
its coefficients 4;,, B,, and I',, are
J
A, =4, = Z MUH)(%)M(’H)(T.‘},

i=t

01, <1, < < Ty K Toae

(32)

i [uu:(b’ T"l) - ux(o’ T,‘)] MU * l)(ti)/n!a

i=1

(33)

J
ra,a = r;m = Z [“x(b& 7&)_1‘1(0: T,»)]
i=1

x [wih, 1) —u'(0, 1) Ant ul)  (34)

which relate to the same experiment.

For the diffusion coefficient one can use, of course, a
non-polynomial approximation, but then, to determine
the parameters of the diffusion operator, a much more
complicated and non-linear system is obtained,

J 4

Y <Y REM®*U(t)+ Ku(b,1,),11,]

i=1 =0

- K[u(ox ri)a HxJ}MU+ n('fa) =0 (35)

» { S REMe*i(z)

i=1 {p=0

+ K[u(b, 7), I1,] - K[u(0,7), HJ}
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X

ﬂé {K[u(b,t), 11, ]— K[u(0,7),11,}} =0,
oI,

j=12...r; u=L012..p, (36

the solution of which is very difficult.

It is pertinent to emphasize that the redistribution of
concentrations, no matter what the initial distribution
(1) is, has one general termination

1 b 1 b
lim u(x, 1) = Ef u(x,7) dx = b J‘ u;(x) dx, (37)
o

T w© 0

to which there corresponds the final moment of masses

b
lim M(7) = g j uyx) dx (38)
T 0

and the equality of their concentrations on the plate end

faces. This yields
lim [u*(b, 1)—u"(0,7)] = 0.

T a0

(39)

Therefore, at large times the differences between the
concentration degrees are commensurable with their
errors, £y Or &,, while the mass moment derivatives
[equation (2)], are very close to zero, ie. also
comparable with their errors (4).

These factors make it advisable to use an
intermediate approach to the determination of the
diffusion operator parameters, when each of the J initial
distributionsis used for a limited timeinterval, from0to
Tixge @nd at the time moments

0ty <1y < < Ty k=12,...,x(), (40)

measurements are made of the concentrations u(b, t;,)
and u(0,t,) on the plate end faces, of the diffusing
substance mass moment

b

M) = J (X, Ty)x dx {41)

0
and of its higher time derivatives, which, at small 7, differ
markedly from zero. If each measurement is given the
weight ¢, and

Jok(

2 X ew=1

(=1 k=1

(42)

then the mean square deviation of the whole experi-
ment will be determined from the sum

J xi r
=3 X Ca{ ME* Dz, )R,
p=0

i=1 k=1

2
+ K{u(b, 7). 1,1 - K[u(0, 7,), Hu]} CY)

The minimum of & corresponding to the r relaxation
times and p parameters of the diffusion coefficient is also
found from the conditions (28) at the values of R, and
IT, which are the solutions of the linear system of
equations (r+p) of the order of (29)(30). But the
coefficients 4;;, B, and I',, of this system are calculated
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as the sums
R{i}
Ay = Z Z Ca M T MY ) (44)
i-1k 1
x{i}
B, = Z Y caMUT N1,
Pt k-1
x fu™{b, 1) —u™0,1,0)/nl, (45)
K}
rwt = Z Z xk[” (b Txk w0, l‘k).]
% [uk(h, 1) — w0, Ty) ]! )
n=12....p. u=1L2...p j=L2....r. (46}

For each experiment, which is characterized by a set
of distributions at the start of the process w{x) and by
persistence 1,,, of corresponding fields, the values of
the parameters R, and I, depend completely on the
choice of the numbers r and p, i.e. on the magnitude of
the relaxation time spectrum [ R ] and the order of the
polynomial (21) which approximates the diffusion
coefficient D or, in general, on the p number of its
parameters [1,. The choice of the numbers r and p is
associated with optimization of the polyrelaxational
nonlinear differential mass diffusion operator and is an
independent problem.

Each of the sub-experiments i, together with the
numbers r and p, provided the insulation conditions(4),
the initial conditions

Fulx, )/t =0, p=12,...,r 47

or any other type of conditions are fulfilled, makes it
possible to show the solution of the diffusion equation
{10)

uix, 1) = ulx, b, Ry.. .. R, TT, .., 11} (48)

This calculation field depends on the axis x, the plate
thickness b, the time 1, the initial distribution of
concentrations ufx), and the parameters R, and I1,.
The inner transport parameters R, and 1, are
independent of the initial diffusing substance mass
distribution and are determined, for all of the
calculation fields, from the same system of equations
(29)and (30) involving the coefficients (44), (45) and (46).
But in this system, until optimization of the differential
operator of the diffusion equation (10} is performed, the
numbers r and p are selected quite arbitrarily and their
choice predetermines both the magnitude of the
cocfficients and the very parameters of the polyrelax-
ational nonlinear differential operator of equation (10).
In other words, since the values of R and T1, depend on
the choice of r and p. the calculation field of con-

centrations
u(x. 1) = ulx, T, b, i, £, p) (49)

depends also on these two numbers. The calculation
field of mass contents (48) or (49) can be used to
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calculate the mass moment

b
u(x, . hi.r.plx dx.

3

M alt.biirp) = J‘ {50}
{

This calculation moment differs from the experimental
one (2)

~h

Meolr.bii) = |

Jo

wix, 1)x dx. (30

the measurement of which is associated with the
uncertainty ¢,,.

Deviation of the predicted moment from the
experimental one

J o Kt}

Z Zu«

i1 k-

x FLM (T b, ir.p) -

ul(’ p

M ol T b))

(52)

(here F is an arbitrary function) allows one, in casc of
the same thickness of specimens, to attribute the
discrepancy between the predicted and experimental
moments only to the numbers r and p. These numbers
can be regarded as optimum when the difference
between the instrumentation error of measuring the
mass moment, &, (its value depends only on the
technique and culture of experiment). and the predicted
one, & 44{r, p), 1s minimal

el P)— £ = min. {53)

In other words, the parameters of the differential
operator of the equation of polyrelaxational and
nonlinear diffusion can be regarded as chosen
optimally, if for all the J sub-experiments the deviation
of the predicted moment from the experimental one
coincides roughly with the experimental error. When
this approximate coincidence is observed for two pairs
of the numbers (r,,p,) and (r,, p,), then the operator
with fewer parameters seems to be more preferable
{341

r+p=inf{r +p,ira+psh
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IDENTIFICATION DE L’'OPERATEUR DE DIFFUSION MASSIQUE DIFFERENTIEL
NON-LINEAIRE ET POLYRELAXATIONNEL

Résumé —La diffusion dans un mélange non-homogéne est décrite par une équation polyrelaxationnelle
contenant le coefficient de diffusion qui dépend de la concentration et d’autres paramétres physiques. Un
systéme de spectres de temps de relaxation et de coefficients de diffusion fonctions de la concentration forme un
opérateur differentiel non-linéaire polyrelaxationnel de diffusion massique. La méthode présentée pour
Iidentification de cet opérateur consiste en la détermination expérimentale du spectre des temps de relaxation
et de tous les paramétres du coefficient de diffusion. En premiére information sont présentés un changement en
temps du moment de la masse diffusante et une distribution initiale fortement non homogéne de concentration
dans un cylindre isolé de section quelconque mais a aire droite constante.

IDENTIFIKATION DES NICHTLINEAREN DIFFERENTIELLEN
POLYRELAXATIONS-OPERATORS DER DIFFUSION

Zusammenfassung—Die Diffusion in einem nicht-homogenen Gemisch wird durch eine Polyrelaxations-
Gleichung beschrieben, die den Diffusions-Koeffizienten enthilt. Dieser hiangt von der Konzentration und
von mehreren physikalischen Parametern ab. Ein Satz von Relaxations-Zeit-Spektren und Diffusions-
Koeffizienten (als Funktion der Konzentration) bilden den nichtlinearen differentiellen Polyrelaxations-
Operator der Diffusion. Das Verfahren, das fiir die Identifikation dieses Operators vorgestellt wird, beruht auf
der experimentellen Bestimmung des Relaxations-Zeit-Spektrums und samtlicher Parameter des Diffusions-
Koeffizienten. Als Anfangsinformation werden eine zeitliche Verschiebung des Augenblicks, in dem die
Substanz diffundiert, und eine stark nicht-homogene Anfangsverteilung der Konzentrationen in einem
isolierten Bereich mit beliebiger Form aber konstantem Querschnitt verwendet.

UIEHTU®HUKALMUSA MMONUPEJAKCALIMOHHOIO HEJTUMHEMHOIO
AUPOEPEHLIMANIBHOIO ONEPATOPA JH®®Y3UU MACCHI

Annoraums- [lupdy3us 8 HEONHOPOIHOH CMECH ONMCHIBAETCA MOJHPE:IAKCALMOHHBIM YDABHEHHEM
¢ ko3pduuHeHToM AHDPGYIHH, KOTOPLIA 3ABACHT OT KOHUEHTPAUMM M HECKO/ILKHX (DH3IHYECKHX
napamerpoB. COBOXYNHOCTb CNEKTPa BPEMEH pelakCallkd M QYHKUMOHA/ILHOH 3aBHCHMOCTH
koxpduumenTa nudpdy3HH OT KOHLUEHTPAUHH o6pa3yloT MOSMPENAKCALMOHHbIN HE:IHHEHHbIN nHde-
peHUKaAbHbIA onepaTtop Auddy3un Maccu. Uinaraercs meToad MAEHTHOHKALMK ITOIO onepatopa.
COCTORUMHA B IKCNEPHMEHTAILHOM ONPEJENEHHH CNEKTPa BPEMEH PEAKCAUMH M BCEX 1APAMETPOB
ko3pduunenta auddysun. B kauecTBe HCXOAHONH HHOOPMAUMHM MCMIONBL3YETCA HIMEHEHHE BO
BPEMEHH MOMEHTA Macchl ANGOYHAUPYIOUIErO BEIECTBA M CYLUECTBEHHO HEOJHOPOMHOE HAHAILHOE
pacnpee/icHue KOHUEHTPALHA B H30/IMPOBAHHOM CTEPXHE NOCTOSHHOIO CeYeHns MOOOH HOPMbL.

745



